Within the spirit of Dirac's canonical quantization, noncommutative spacetime field theories are introduced by making use of the reparametrization invariance of the action and of an arbitrary non-canonical symplectic structure. This construction implies that the constraints need to be deformed, resulting in an automatic Drinfeld twisting of the generators of the symmetries associated with the reparametrized theory. We illustrate our procedure for the case of a scalar field in 1+1-spacetime dimensions, but it can be readily generalized to arbitrary dimensions and arbitrary types of fields.
Introduction
It has been considered as common wisdom among practitioners of noncommutative field theory that at the first quantization level, fields are elements of an algebra where multiplication is deformed by means of the Moyal ⋆-product [1] . This anzatz, which originated in a basically heuristic fashion from some results in string theory [2] , is based on an analogy with the Weyl-Wigner-Groenewold-Moyal (WWGM) formalism of Quantum Mechanics. But in Quantum Mechanics time is a parameter of the theory and, in order for spacetime to have a truly noncommutativity physical meaning we need to consider both space and time as observables represented by noncommutative operators and include them as dynamical variables in an extended Heisenberg algebra. Moreover, as we have shown elsewhere [3] , the ⋆-product deformation of functions of spacetime then results naturally in the WWGM formalism when considering in this extended context the algebra of the Weyl-equivalent functions corresponding to operator functions of the Heisenberg space and time operators.
Other approaches for constructing a noncommutative spacetime Quantum Mechanics have been based on the idea of promoting the time parameter to the rank of a coordinate by means of a reparametrization, whereby time becomes a function t(τ ) of a new parameter τ and thus becomes a coordinate on the same level as the spatial coordinates x i (τ ), either by fixing the gauge degrees of freedom [4] , [5] , [6] or by deforming the symplectic structure of the theory [7] .
An important feature of these formulations is that, because additional degrees of freedom are added to the original theory, first class constraints appear in the reparametrized theory. In order to eliminate these additional degrees of freedom one can apply gauge conditions or follow Dirac's quantization method and operate with the constraints on the state vectors in order to obtain the physical states of the system. Now, when going on to field theory both the time and space coordinates play the role of parameters of the field, so applying commutation relations to them is, to say the least, even more unclear; as it is the relation of this procedure to the operator spacetime noncommutativity in Quantum Mechanics, particularly when we view the latter as a minisuperspace of the former and in the light of what we have just said above.
In order to shed some additional insight on some of these issues, we explore in the present work how the above refereed reparametrization formalism can be extended to the case of field theory on a noncommutative space-time. However, since we are now dealing with a system with an infinite number of degrees of freedom, the basic idea here is to promote the coordinates of the space-time, that are the parameters on which the field depends, to new fields in the ensuing reparametrized theory. This idea in not new in the case of commutative spacetime. For example in [8] such a construction of a field theory was used as a model when considering the canonical quantization of gravity. Making use of the results in that work, it is possible to construct the reparametrized theory for any field theory, with as many constraints as the number of coordinate fields being added. In addition, as it occurs in the case of General Relativity, the parametrized field theory is also invariant under diffeomorphisms, so such a construction provides an ideal arena for studying these symmetries at the quantum level there. It is interesting to note that this idea was also used in the context of string theory as a means for constructing a theory which would be independent of the background [9] . Once the spacetime coordinates are promoted to the rank of fields, it does make sense to impose commutation relations among them. This can be achieved by deforming the symplectic structure in the original theory and thus arriving at a noncommutative field theory. Such a theory is already at the first quantization level radically different from the usual one, because -since the coordinate fields do not commute -we can not use their eigenstates as configuration space bases to construct amplitudes of the state vector, which will then necessarily have to be either functions of both the eigenvalues of the momenta field operators as well as of some of the coordinate fields (those that commute among themselves), or only of the eigenvalues of the commuting momenta fields.
Another important point that we analyze in this paper is the deformed symmetries that appear in the noncommutative theory. According to our procedure, the nature of these deformed symmetries appears automatically since, when deforming the symplectic structure the algebra of the constraints is broken and, in order to preserve it, it is necessary to deform the generators of the symmetry by means of what turns out to be a Drinfeld twist. The algorithm suggested by our procedure for this twist is quite straightforward to implement and can be readily generalized to other types of ⋆-products as well as to situations where noncommutativity involves both spacetime and momenta variables.
Spacetime Noncommutativity in Field Theory
In a previous paper [7] noncommutative space-time quantum mechanical theories were constructed by using a reparametrization invariant action where the time parameter is elevated to the rank of a dynamical variable. Furthermore, in order to consider the noncommutativity between the spacetime coordinates, an arbitrary non-canonical symplectic structure was introduced that, together with Dirac's Hamiltonian method, leads to Dirac brackets for the space-time dynamical variables, which when quantized may be interpreted as noncommutative. As mentioned in the Introduction, we shall apply this procedure to the case of fields in order to investigate the implications of noncommutativity of spacetime as field variables on the algebra of the reparametrized fields.
2.1. Reparametrization of the scalar field. To illustrate the procedure, consider for simplicity the case of a scalar field in a D + 1−dimensional Minkowski spacetime with signature (1, −1, . . . , −1) and with a potential V (φ). The corresponding action is then
In order to parameterize the full spacetime, let us write
so that the new action in terms of the new parameters τ, σ reads
with the inverse metric g αβ given by
and g := det(g µν ) where √ −g = J is the Jacobian of the transformation. Also, in (2.3) we are making the identification ∂ 0 ≡ ∂ τ and ∂ i = ∂ σi . The canonical momentum associated to the field φ is 5) and, following [8] , we define the canonical momenta associated to the spacetime coordinates as
is the unparametrized energy-momentum tensor of the field. In terms of this momenta the Hamiltonian action becomes
where we have introduced the definition of the momenta (2.6) as Hamiltonian constraints due to the fact that the right hand side of (2.6) is independent of the velocities when the energy-momentum tensor is expressed as a function of the canonical variables φ, P φ [8] .
We can write an alternate expression for the action (2.7), based on the ADM-type decomposition of spacetime Σ × R, where R is the temporal direction and Σ is a space-like hypersurface of constant τ , by introducing the vectors s i with components s µ i = ∂ σ i x µ tangent to Σ and the unit vectorn, normal to this hypersurface, with components
Furthermore, constructing from s 
where (2.10)
is the unit dyadic, multiplication is with the Lorentzian metric,
and where γ ij ≡ g ij is the D-metric of the Σ-hypersurface, γ ij is the inverse matrix to γ ij and γ is the determinant of γ ij . Inserting now (2.9) into (2.7) we can write (2.13)
after identifying the proyections (−γ) 
from where we see that the constraints are first class.
Let us now further simplify the calculations and the basic steps leading to a noncommutative field theory by consider first our scalar field to be propagating in a flat space-time with Minkowskian coordinates (t, x) and signature (1, −1). In this case (2.15)
where the primes denote partials with respect to σ while the dots are partials with respect to τ . Explicit expressions for the momenta canonical to t, x and φ can be derived from (2.5) and (2.6) or, even simpler, directly from (2.3), (2.15) and (2.16). They are given by:
From these expressions it can be readily verified that
Furthermore, because we are introducing the fields t(τ, σ) and x(τ, σ) as new degrees of freedom, the theory must have constraints in the Hamiltonian formalism. Specifically, since instead of our two original phase space degrees of freedom we now have six, we thus need four relations which we can get by two primary first class constraints, and two gauge conditions. The primary constraints follow from specializing (2.11) and (2.12) to the case D = 1 and are explicitly given by (2.19)
it can then be shown that
Moreover, since the test functions f and g are arbitrary, we can take the functional derivatives of (2.21) relative to them to arrive at
, which reproduce (2.14) for the case D = 1. Note that these constraints close in the constant τ Poisson brackets according to the Virasoro algebra without a central charge and they are first-class, as we already know. But first class constraints are generically associated with gauge invariance, which in this case is the invariance of the action (2.3) under two-dimensional reparametrizations, with its generators satisfying the algebra (2.22).
Moreover since H = dσ(N H ⊥ + N 1 H 1 ) is the Hamiltonian of the theory, it clearly follows that (2.23)Ḣ ⊥,1 = {H ⊥,1 , H} ≈ 0, so the constraints are preserved by the "time" τ evolution.
Next, in order to introduce space-time noncommutativity in the Dirac quantization procedure for the above theory, we need to implement an additional general symplectic structure into our formalism.
2.2. Symplectic structure. For this purpose consider the following general first order action:
with symplectic variables z a = (t, x, φ, p t , p x , P φ ). HereH ⊥ andH 1 are weakly zero and appropriately modified first-class constraints to be specified below. The six potentials A a play the role of momenta canonically conjugate to the z a . The action (2.24) allows us to generate an arbitrary symplectic structure associated to the Poisson brackets in the Hamiltonian formulation, but in order that it be equivalent to the action (2.13) for D = 1, we need six additional second-class primary constraints (these, together with the two first-class constraints and their corresponding two compatibility conditions, give the relations needed to eliminate ten of the twelve degrees of freedom in the z a 's).
The additional second-class constraints follow by noting that the canonical momenta conjugate to z a are given by
and since they are independent of the velocities they lead to the constraints
Hence the action of our constrained system is now given by
Note that from (2.26) we have
so the constraints χ a are indeed second-class (note that the Poisson brackets here are to be evaluated in the extended phase-space (z a , π a ) ).
Moreover, in order that the consistency conditions 
Hence, in order to satisfy the compatibility condition (2.31) we need to chose our modified constraints H ⊥ ,H 1 such that their Dirac bracket is weakly zero. We shall defer the proof that such a choice indeed exist for later on, and note at this point that
We can therefore treat the χ a as strongly zero in our formalism, after replacing the Poisson brackets by the Dirac brackets. Note also that (2.34) implies
and by assuming further that the symplectic structure is determined by (2.38)
we find that (2.38), incorporates spacetime noncommutativity into the formalism. In particular upon quantization, the strong equations χ a = 0 need to be promoted to a relation between quantum operators: (2.39)π za −Â a = 0, and we have from (2.37) that at equal τ (2.40)
We turn now to the derivation of the explicit form for the modified first-class constraintsH ⊥ and H 1 , by observing that the formalism requires that their algebra should now close relative to the Diracbrackets. This can be achieved by further noting that
This selection of thet,x, variables is not unique, since there exist an infinite number of possible choices all of which are related by canonical transformations that leave invariant the symplectic structure (2.38). At the quantum level, however, only those theories which are related by linear canonical transformations will be equivalent. Now, taking into account that the Dirac-bracket algebra of the variables (t,x, φ, p t , p x , P φ ) is the same as the Poisson algebra of (t, x, φ, p t , p x , P φ ), it therefore follows that by settingH ⊥,1 (z a ) = H ⊥,1 (z a ) we immediately have
When quantizing, the constraintsH ⊥,1 are promoted to the rank of operators satisfying the subsidiary conditionsĤ ⊥ |Ψ = 0,
Also for consistency we need that at the quantum level the additional condition
be satisfied. This implies that the commutator of the first class constraint operators has to be of the form
where, in general, theĉ ⊥,1 are functions of the field operators that need to appear to the left of theĤ ⊥,1 . This, in turn, involves finding the operator ordering needed to achieve this requirement in order to have an appropriate quantum theory. In the present case this does not constitute an important issue, since ordering for the super-Hamiltonian is immaterial and the difference in placing the momenta to the right or to the left of the coordinates in the super-momentum leads to a term which in the basis |t(σ), p x (σ), φ(σ) (see paragraph following Eq.(2.51) below) is of the form
, t(σ)), τ ) and which, because of the antisymmetry of the delta function derivative, can be put equal to zero. We therefore choose the following ordering for theĤ ⊥,1 :
Making repeated use of the identity
in the evaluation of the commutator of these two operators, we get
(2.50)
From these relations it follows that
Hence our choice (2.48) is indeed of the form (2.47) and results in an appropriate Dirac quantization of the theory. In this parametrized quantization all the dynamics is hidden in the constraints although, because of the noncommutativity of the coordinate field operators t(τ, σ), x(τ, σ), we can not construct configuration space state functionals of the form Ψ[t(σ), x(σ), φ(σ), τ ] = t(σ), x(σ), φ(σ)|Ψ(τ ) with the usual interpretation of a probability amplitude that the scalar field φ have a definite distribution φ(σ) on a curved spacelike hypersurface defined by t = t(σ), x = x(σ) at time τ . (Note that in the Schrödinger picture the dynamical variables do not depend on τ ). We can, however, construct state amplitudes from mixed momenta and reduced configuration space eigenkets such as |t(σ), p x (σ), φ(σ) . In this basisx andp t are represented bŷ
, (2.53) so that from (2.48) we get:
Thus, introducing noncommutativity by parametrizing the action in the Dirac first quantization of the scalar field scheme leads us necessarily to the above twofold infinity of coupled equations. The equations (2.54) and (2.55) are the analogous of the Wheeler-De Witt equations for our noncommutative scalar field, and they can not be reduced to a Schrödinger-like equation as in the commutative case, because here we can not solve explicitly the super-Hamiltonian and super-momentum constraints for the momenta p t and p x . It is not our objective here to investigate this system any further or the issue of second quantization. We shall consider instead in the following section the deformed symmetries which result from the deformed constraints of the theory, which in turn result from the space-time noncommutativity, and derive a general anzatz for constructing these deformed symmetries for any field theory.
spacetime noncommutativity and deformed symmetries
We have seen that the Dirac-bracket algebra (2.43) together with (2.44) provides an algorithm for constructing the deformed gauge symmetries associated with the reparametrization invariance of the action (2.3), where a symplectic structure was introduced in order to allow for the appearance of spacetime noncommutativity when applying Dirac's procedure for canonical quantization to the original action. In fact, making use of (2.37) one can show that
On the other hand, evaluating the Moyal product (
m with the bidifferential (3.57)
, and comparing with (3.56), we have that
More generally, for Dirac-brackets of arbitrary A(τ, σ), B(τ, σ) functionals of t(τ, σ), p t (τ, σ), x(τ, σ), p x (τ, σ), φ(τ, σ) and P φ (τ, σ) we get
after identifying the momenta in the left side of the above equation with their corresponding differential operators on the right side. We thus have a morphism from the Poisson-Dirac algebra of functionals of t, x, φ, p t , p x and P φ , to the algebra of differential operators obtained from these functionals (after making the maps p t → −iδ/δ t , p x → −iδ/δ x P φ → −iδ/δ φ ) with multiplication given by the ⋆ θ -product commutator. As a parenthetical remark we find it interesting to recall here that in the process of reparametrization the space-time parameters of the original action were elevated to the rank of dynamical variables and, as we have shown elsewhere [3] , when considering quantum mechanical deformations from the point of view of the Weyl-Wigner-Groenewold-Moyal formalism, the multiplication of elements of the algebra of functions of the space-time dynamical variables had to be modified precisely with the ⋆-operator (3.57).
and substituting (3.61) and (3.63) into (3.60) we get
which is the algebra of differential operator generators isomorphic to the non-deformed algebra (2.22).
Furthermore, since by (2.19)
the generators H i of (2.22) -the Virasoro algebra V -can be viewed as derivations acting on elements φ(t(τ, σ), x(τ, σ)) of the algebra of functions A, with point multiplication µ. That is,
In addition, sinceĤ i ∈V is a (infinite dimensional) Lie algebra, its universal envelope U (V) can be given the structure of a Hopf algebra with coproduct
and antipode
so A is a left module-algebra over U (V). In parallel, for the symplectic structure (2.38) we have the algebraV ⋆ of derivation operatorsĤ ⋆ i , defined in analogy to (3.61) by
with multiplication µ θ generated by (3.59), and the corresponding left module algebra A θ over U (V ⋆ ), whose elements are now functions φ(t(τ, σ), x(τ, σ)) with multiplication µ θ inherited from (3.58). From (3.69) it immediately follows that
so the action of elements of the twisted algebraV ⋆ on elements of A θ is equal to the action of the corresponding elements of the untwisted algebra on the corresponding elements of the ordinary algebra A of functions of commuting variables. Thus the morphism fromV toV ⋆ by
induces the morphism from A to A θ by
Let us next consider the symmetries associated with the canonical transformation
in order to make contact with some related results appearing in the literature. We thus have
On the other hand, it is evident that the Lagrangian in (2.3) is invariant under the infinitesimal general coordinate transformations
from where it follows that
We can relate the generator (3.73) to the diffeomorphism (3.76) by equating the last two equations in (3.74) to the last two equations in (3.76) and solving for ξ 0 and ξ 1 . We thus get
The consistency of this solution can be checked by substituting it into the first equation in (3.74) and verifying that it yields the first equation in (3.76). Consequently
with the components of ξ(ρ) given by (3.77). Hence
This result also compares with the Leibnitz rule given by equation (5.9) in [11] . Further note that if we let
we then have
Thus, the undeformed coproduct of the symmetry Hopf algebra U (H) is related to the Drinfeld twist ∆ F by the inner endomorphism ∆ F δ ρ := (F (∆δ ρ )F −1 ) and, by (3.88), it preserves the covariance:
where we have used the Sweedler notation for the coproduct. Consequently, the twisting of the coproduct is tied to the deformation µ → µ θ of the product when the last one is defined by
A more extensive discussion of the application of some of these algebras to the construction of a deformed differential geometry for gravity theories may be found also in [11] as well as other works cited therein.
If we now assume that the coefficients of the vector fields δ ξ are linear in the spacetime variables, then the generators δ ρ in (3.87) become the infinitesimal generators of the Poincaré transformations, and the coproduct defined in this equation reduces to the twisted coproduct considered by e.g. [12] .
We would like to stress, however, that while all the above mentioned papers, as well as a large number of others appearing in the literature, start from equating spacetime noncommutativity with the noncommutativity of the parameters of the functions denoting classical fields, and deforming the algebra of these fields via the Moyal ⋆-product (with this anzatz originating in a basically heuristic fashion from some results in string theory), none of the algebrasV ⋆ , H ⋆ and A θ in our approach are assumed a priori. On the contrary, they appear naturally, as does the spacetime noncommutativity, as a consequence of implementing Dirac's canonical quantization formalism for constrained systems with an arbitrary symplectic structure. Note, in particular, that in our formalism the space-time variables are dynamical, as would be expected when viewing quantum mechanics as a minisuperspace of field theory, and their noncommutativity results from the quantization of their Dirac-brackets. The deformation of the module-algebra A -in which the fields originally lived -to A θ ∋ φ, so that by (3.71) and (3.72) functions of the field multiply according to µ θ is, in our formalism, again a consequence of the spacetime noncommutativity resulting from the quantization of the Dirac-brackets, and the concomitant deformation of the constraints associated with the symmetries of the field Lagrangian.
Finally, it should be obvious by mere observation of the notation already introduced, how our algorithm can be readily extended to higher dimensional noncommutative space-times with constant parameters of noncommutativity. Thus, the commutator relations for the spacetime coordinate fields at equal times will now be given by
where θ µν = const. As in the bi-dimensional case, we can also introduce a new set of commuting coordinate fields defined by
from which new constraints can be constructed having the form
With the constraints (3.93) it is possible to construct a quantum theory in the Schrödinger representation analogous to (2.54) and (2.55). As in that case, however, since these constraints are no longer linear and algebraic in the momenta (they contain mixed products of the p µ 's and their derivatives), it is not possible to solve explicitly for the spacial momenta in order to construct a Schrödinger type equation. Nonetheless, it is still possible to show that the action in the reduced configuration space is in agreement with the usually proposed noncommutative field theory for a scalar field.
As for the generalization to (D + 1)-Minkowski spacetime of the symmetries and twisted symmetries elaborated above for the D = 1 case, the results follow through directly by replacing ξ 0 , ξ 1 by
These expressions can be inferred immediately from (3.77).
Concluding remarks
We have shown in this paper how, by considering a parametrized field theory, it is possible to introduce spacetime noncommutativity from first principles. We have accomplished this by resorting to an extended phase-space, leading to second class constraints which, in order to remove them according to the Dirac quantization procedure, lead in turn to Dirac-brackets. The latter then result in a deformed symplectic structure for the spacetime coordinates and corresponding canonical momenta, which yield the desired noncommutativity.
An important characteristic of our formulation is the automatic deformation of the symmetry generators when the symplectic structure is deformed. Such a deformation being imposed by the consistency conditions on the constraints (see discussion in subsection 2.2), which have as a result that the algebra of the deformed constraints is maintained in the noncommutative case. This provides us then with a straightforward algorithm for constructing the Drinfeld twist of the Hopf algebras that one can associate with the reparametrization symmetry groups. In addition, our formalism can be readily extended to spacetimes of any dimensions and to the consideration of different possible types of deformed products, of which the Moyal product is just a particular case. Thus the formalism here described may turn out to be also useful for achieving a better understanding of twisted symmetries in Yang-Mills field theories, since in this case, in addition to the constraints associated with the reparametrization, we will also have the constraints associated with invariance under the gauge transformations A µ (x) → U (x)A µ (x)U −1 (x) + iU (x)∂ µ U −1 (x), so the full set must then be analyzed in order to see how it is to be twisted when noncommutativity is introduced.
